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Abstract 

A local gauge invariant interaction Lagrangian for two gauge fields of spin £ and 
i — 2 {£ > 2) and the scalar field is defined. It gives rise to one-loop corrections 
to the gauge field propagator. The loop function contains the Goldstone boson 
propagator for gauge symmetry breaking. The proportionality factor in front of 
this propagator is the mass squared of the gauge boson. 
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1 Introduction 



The AdS/CFT correspondence PP opened a new era in understanding of the 
strong couphng regime of certain conformal boundary theories mapping them on 
the perturbation expansion of the weakly coupled string/ supergravity theory on 
the bulk AdS space. In contrast to the most explored case of AdS^/CFT4^ dealing 
with the large N limit of SU{N) A/" = 4 Super Yang-Mills theory, the AdSi/CFT^ 
correspondence of the critical 0{N) sigma model 2J works in the regime of small 
t'Hooft coupling and turns our attention from supersymmetric string/gravity the- 
ories to the theory of massless gauge higher even spins |[3|. This case is interesting 
also in view of the unique properties of the renormalization group flow connecting 
the free field unstable point of the boundary 0{N) vector model with the stable 
critical interacting conformal point in the large -N limit by the deformation with 
the double trace marginal operator and Legendre transformation. This flow can 
be explained from the bulk side using the same higher spin theory (i7S'(4)) and 
different boundary conditions for the quantized scalar field |3]. Note that in the 
second and nontrivial conformal point of c? = 3 sigma model all higher spin cur- 
rents except the energy-momentum tensor (spin two) are conserved only in the 
large N limit and their divergence is of first order in j^. On the bulk side this 
must correspond to a certain mass generation mechanism on the one loop level 
(again order of of the interacting if 5* (4) gauge theory. 

In this article we explore this mechanism of the one-loop mass generation for 
massless gauge HS fields from the bulk side proposed in ^ and compare it with 
the corresponding boundary sigma model derivation of one of the authors [Hj. 
For this we construct the only one possible local interaction of fields 

with spin i, i — 2 and zero in the way similar to our previous investigation of the 

aa vertex [7| |H]. The coupling constant of the vertex h^^^h^^ remains 
undetermined, in particular we do not relate it to the universal coupling constant 
of HS{4). Thus the validity of AdS/CFT correspondence on the one-loop level 
remains open. 
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2 Equations of motion and physical states 

In this article we operate with the following objects: The conformally coupled 
scalar field satisfying the usual equation of motion in AdSd+i space"'" 

, , (d + l)(d- 1) , , 
naiz) = ^ ^ ^-ai^), (1) 

general spin i symmetric and double traceless conserved currents j\i}ii2...tn{z)., 
and again double traceless P spin ^ gauge fields h^^lfi2...ni{z)- For shortening the 
notation and calculation we contract all symmetric tensors with the ^-fold tensor 
product of a vector a^. In this notation Fronsdal's equation of motion [H] for the 
spin C field is 

J^{h^'\z-a)) = nh^'\z; a)~£{aV)h^'~'\z;a) + ^''^ ~ '^\ aVfh^'-^\z- a) (2) 
^^' + ^id-5)-2id-2)^,, ^ !) . 0, (3) 

where we introduced notations for the trace and divergence 

The basic property of this equation is higher spin gauge invariance with the 
traceless parameter e^^'^\z] a), 

5h^'\z- a) = {aV)e^'-^\z- a), nj'-^\z- a) = 0, 5J^{h^'\z- a)) = 0. (6) 

The equation Q is simplified in the so-called de Bonder gauge 

U'-^^ = ^-ll{aV)W-^\ (7) 

jzdD gauge (^^{i)^^ ^ ^ + i{d - 5) - 2{d - 2) ^^^^ 

L'^ 

^We will use AdSd+i conformal flat metric, curvature and covariant derivatives commutation 
rules of the type 

L? 1 

[V^, V,] = R^^fV^ - R^^^-V^P , 

^t^i'X = - Vu\Sp "^J2 {9i^\K - gi'^sp) , 
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It was shown (see for example jTU]) that in the de Bonder gauge the residual 
gauge symmetry leads to the tracelessness of the on-shell fields. So we can define 
our massless physical spin ^ modes as traceless and transverse symmetric tensor 
fields satisfying the equation 

e + ^{d-h)-2{d-2)' 



□ + 



1) 
d 



L2 

/.w = 0. 



/iW = 0, 



0, 



(9) 
(10) 

(11) 



Note that equation Q for i = coincides with the equation for the conformal 
scalar (Q) only for d = 3. 

In a similar way we can describe the massive higher spin modes using the 
following set of constraints on the general symmetric tensor field 0*^^^ {z, a) ^T] 



□ + 

r 2 2 

L m 



m 



+ i{d-5) -2{d-2) 
0(^-1) = 0, 

A{A-d)-{i-2){i + d-2) 



0, 



(12) 

(13) 
(14) 

where A is the conformal weight (dimension) of the corresponding massive (in 
means of AdS field) representation of the SO{d, 2) isometry group. This general 
representation (fT^ - (fT^ with two independent quantum numbers under 
the maximal compact subgroup SO{d) x SO (2) goes, after imposing a shortening 
condition A = i + d — 2, to the massless higher spin case (P)- (fTT|) with the 
following decomposition [Ul [T21 El 



lim [A, i] 



[i + d - 2,i] ®[i + d - l,i - 1]. 



(15) 



The additional massive representation [i + d — l,i — 1] is the Goldstone field. 
Reading this decomposition from the opposite side, we can interpret it as swal- 
lowing of the massive spin i — 1 Goldstone field by the massless spin i field with 
generation of mass for the latter one. This mass generation can be achieved by 
the following one-loop diagram, j3] 




where the 

h^^)h^^-'^)a coupling should include two derivatives for producing the Goldstone 
representation in the transverse traceless part of this loop. This coupling we will 
construct in the next section. 
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3 The a interaction 

In this section we present the interaction Lagrangian responsible for the one 
loop mass generation mechanism for HS fields that is fixed in a unique way by 
the general concept of linearized gauge invariance (Q. We want to construct a 
gauge invariant interaction between two double traceless HS fields h^^\z;a) and 
{z; a) and one scalar field cr{z). We will try to realize this interaction in the 
form of the spin i gauge field h^^^ times the current "i!^^^ constructed from the 
spin £ — 2 field h^^~'^\ the scalar field a and two (AdSd+i) covariant derivatives 
V. 

S^, = \j d'^^^gh^'^^^-^jl^l^, (16) 

^o/iS-w = ^(Mie/.2.../.,), ^4.../.. = 0- (18) 

From this point of view the task reduces to the construction of the current 
J'^^\h^^~'^\V ,V , a) satisfying the conservation condition 

r ,, 1 traceless , . 

[V^^^.?......J = 0- (19) 

The conservation condition looks a little bit different from the usual one due to 
the double-tracelessness of the gauge field and current and tracelessness of the 
corresponding gauge parameter. The Fronsdal field j'^^^ can be presented then 
as 

a) = J^%z- a) + _ (20) 

TrjW(^;a) = U,J^'){z;a) = e'^'-'\z; a) , (21) 
TrJ^'\z; a) = D,J^'\z; a) = 0, (22) 
Tre(^-2) {z; a) = D^Q^'-^^ {z; a) = 0. (23) 

The conservation condition ()19|) in this representation is 
or 

^ da^^ ^ ' ^^ {d + 2i-3) - {d + 2i-5){d + 2i-3y ^ ' 
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For solving this we will introduce the following ansatz for traceless spin t and 
£ — 2 currents 



z\ a) 



i=0 



2{d + 2i-3) 



e('-'\z;a) = J2B, 



p=i 



z: a 



(^-2), 



z; a) 



2{d + 2i-7) 



0{a' 



(26) 
(27) 



where we introduced all possible monomials of corresponding order 



jf) = (aV)2/i(^-2)a, Jf = (aV)/i(^-2)(aV)a, jf = h^'-^\aVfa, 



(28) 



(£-2) 



(aV)/.^-^)^^^, (29) 



e 



[1-2] 



(£-2) 
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iV)/i(^-^)(aV)a, ej,'-') = /i(^-^)(aV)V. (30) 



Substituting this ansatz in the conservation condition (fT^ and neglecting the 
noncommutativeness of the covariant derivatives we will come to the set of liner 
equations for the coefficients Ai and Bp with the unique solution up to an overall 
normalization constant A 





2^2 = ^3 


= A, 




(31) 


51 = 


-4(d + 2£- 


-4)A 




(32) 


^2 = 


B, = -{i- 


-2){d + 2i-7)A 




(33) 


= 


-{i-2){i 


-3){^{d+l) + i 


-5)A 


(34) 


^5 = 


-{i-2){i 


-3){^id+l) + e 


-6)A 


(35) 


^6 = 


{i-2){i- 


3)A 




(36) 



From (|31|) we see that the leading term of our current J'^^'> is the double full 
derivative 

J^'\z;a)=A{aVy {h^'-'^ {z; a)a{z)) + traces. (37) 
Now we can restore noncommutativeness of derivatives 



□,(aV)2 (h^'-'^a) = AQf^ + 4(£ - 2) (ef^ + 9 
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+ (£ - 2){i - 3) (39?-^) + 49^') + 9^')) + ^/^(^-^V + 0(a2),(38) 



d 
^a^' 



{aVr {h^'-'^a) = (aV) [49^^^ + {i - 2) (9^^^ + 9^^^) 



(^-2)(^-3) ^q(,_2) ^ ^(.-2) 
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L2 



aV){h^'-^^a) + 0{a^), (39) 
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and calculate the curvature {jj^) correction coefficient C in (|^ 




+ 5rf + 8£-33. (41) 



(40) 



It is easy to see that if we try to construct a traceless and conserved current, 
we have to set all the coefficients Bp to zero and as a result will get zero for 
all Ai. So we deduce that contrary to the h^^^aa case |H], the interaction of the 
type h^^^h^^^'^^a exists only in the Fronsdal formulation with a double traceless 
current. At the end of this section it is worth to note that our interaction is 
unique because it is fixed by gauge invariance. Of course we considered only 
invariance with respect to transformation of only the highest spin i gauge field 
participating in the interaction, but we can assume on this level of consideration 
that variation of the scalar and spin i — 2 fields containing more derivatives of the 
parameter e (see jS]) will be compensated by variations of other unknown terms 
of the interacting Lagrangian. 

4 Massive higher spin states and Goldstone bo- 
son 

Here we consider the origin of the Goldstone boson for general massless spin i 
field. We can present this mechanism in two ways generalizing the consideration 
for the graviton of Ref. ^2]- First of all we can try to extract the Goldstone 
field from the longitudinal part of the spin i physical mode represented by the 
set of equations (P))- (fTH) . For this purpose we insert in the latter set the following 
ansatz 



h^'\z; a) = {aV)(P^'-^\z; a). 



(42) 



Then using the relation: 



[v„ (av)]a.,0(^-) = (i^M±^<^(. 



1) 



L2 



0(^-3) (43) 



we obtain the following equations for (j)^^ ^\z; a) 




(44) 



(45) 



d 




(46) 



0. 
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Comparing with ()12|) and p4|) we deduce that our field (p^^'^^z; a) is the massive 
spin i — 1 representation of the isometry group with A = i + d — 1 and should 
describe the corresponding Goldstone mode. 

The important point of this consideration is the following: For the traceless 
spin i — 1 field (j)^^~^\a; z) the correct second order equation (jl^ for the massive 
states with A = I + d — 1 originated not only from the gauge fixed equation 
of motion Q for the massless field h^^^ = (aV)*/)*-^"^-' but also from the gauge 
condition (fTT|) using only the commutation rule (jlHj) . In other words we see that 

^^^(aV)^^^-^) = K^'<P^'-'\ (47) 

where K^^ = □ + (^-i)(^+<^-2) jg ^]-^g inverse propagator for the Goldstone mode 
[i + d — 1,£ — 1]. This allows us to formulate a field theoretical realization of the 
representation decomposition formula (jl5j) in a similar way as it was done in ^2] 
for the graviton case. 

Let us describe the massive spin £ representation [A, i] by the gauge invariant 
massless action S^^[h^^^], leading to the Fronsdal equation Q, perturbed by the 
mass term breaking gauge invariance. Neglecting the traces we can write this 
mass term in the usual way 

Sm[h^'^] = ^ / d'^h^gh^'^'^^-^^h^,^^, (48) 

LW = A(A-c/) - (£-2)(^ + rf-2). (49) 

The action S^^[h^^^] + Sm[h^^^] is not gauge invariant and corresponds to the left 
hand side of the relation (jl5p . To get a description for the right hand side of (jl5|) 
we have to restore gauge invariance for the spin £ field introducing the Goldstone 
spin £ — 1 field by shifting h^^^ with h^^^ + (aV)0'-^~^'*. This will affect only the 
mass term PHj) 

S4h^'\<p'~'] = ^ / d'^-'^zV^m..,, + V(..C1))'- (50) 

The Stiickelberg action S^^ [h^^^]+ Sm[h^^\ is gauge invariant under the gauge 
transformations (jH)) and S(f)^^~^\a; z) = —e^^~^\a; z) and describes the right hand 
side of (fTH|) . Moreover after integrating out the Goldstone field 0^^"^^ in (jKIH) we 
obtain according to the relation ()47|1 the following part of the effective action 

^ J d'+'z,^/^^ J d'^+h^^/^gi^V ■ h^'\z,)KG{z,;z2)V ■ h'-'\z2) 

+trace terms. (51) 

This dramatically simplifies the evaluation of the mass of the higher spin field 
generated by the one loop graph of section 1 with the h^^^h^^~'^^a interaction con- 
structed in the previous section: It is enough to evaluate in the corresponding 
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L(,)/iW(z; a) = Uh^'){z- a) - X, h^'\z- a) + '^^-^±>^U'-^\z- a), (52) 



loop function the coefficient in front of the term with the behaviour of the Gold- 
stone mode propagator between two divergences of the external h'^^'^ fields ()51|). 
This will be done in the next section. 

Another way to find the Goldstone mode is to construct directly transverse 
traceless states of h^^\z] a). For doing that we introduce first so-called Lichnerow- 
icz operator ^2] • In ^dSd+i for a general rank £ symmetric tensor this operator 
looks like 

and obeys the following conditions 

^^^i-^n,L(,)/iW(z; a) = L(,_2)/i('-2)(z; a), (53) 

^V'^a,ML(,)/iW(^; «) = Mi-i)U'-^\z] a), (54) 

(aV)L(^)/i(^)(^; «) = L(£+i)(aV)/i(^n^; a). (55) 

This commutativeness with the covariant derivatives and trace operation allows 
us to drop the degrees index of L(£) and consider it as a number in the calculation 
of the transverse traceless projection of h^^\z; a). We can expand this projection 
in the following series 

+C(L) {aVyU'-^^ + 0(a^ (aVf) + .... (56) 

The tracelessness condition will express the next coefficients in terms of the previ- 
ous ones but for us more interesting is the transversity condition V^^aM/i'-^^** = 
leading to the following solution for the coefficient A{]L) 

-i -i 

L-l + ^2 ^(^-1) + L2 

here is the Lichnerowicz operator (j52|l for the rank i — 1 traceless states. 

We see that the ffist pole in the tt projection behaves exactly as a propagator for 
a Goldstone tensor boson. 



5 Propagator and loop graph 

We study a perturbative expansion of the gauge field propagator 



-f 
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with the derivative action studied in section 3. To express these graphs we need 
the propagators for the fields h'^^\ h^^~'^\ and a. We use the results presented in 
[T ^ IT5 | IT6]. The symmetric traceless tensor field h^^^ of rank i and dimension A 
in AdSd+i is massive in general according to the formula (fT^ . This mass vanishes 
if 

A = d + i-2. (58) 

In this case h^^^ allows gauge transformations as a symmetry. Representations 
[A, i] of the universal covering group of the conformal group S0{d + 1, 1) are uni- 
tary. From this point on we will use the Euclidian version of the AdSd+i spaces 
and set to 1 the AdS radius L. Representations satisfying are also called 
"exceptional". The propagator of h^^^ between two points Zi,Z2 of AdSd+i (sym- 
metric traceless part) is a bitensor, it can be spanned by means of an algebraic 
bitensor basis /i, /2, /a, I 4, [H] by 



{h('\z,)h'''\z,))Ads = Yl ITITITITFI^JL^M^,,Z,)). (59) 

".I,n.2,n3,n4 
n\ +n2 +2n3 +2714 =(■ 

Here C, is the non-Euclidian cosine of the angle between zi and Z2 

C(.l, .,) = cosh $(.1, .,) = ^^1f+(4?+{^l-?2f ^gQ^ 

in Poincare coordinates. 

In the case of gauge fields h^^^ the propagators are most elegantly derived in 
the de Bonder gauge by a recursive algorithm ^^l- We neglect the trace terms, 
they can always be added at the end with simple arguments (see [E]). In order 
to derive (|59|) we start from 

t 

^>^'\F] = Y,it'i2m) (61) 

fe=0 

and impose the field equation and the constraints of double tracelessness and de 
Bonder gauge. We obtain [12] 

Fo = CC-^Fl(iA, 1(A + 1); A - /i + 1; C"'), (62) 

with A dSHl) and /i = \d, 

FiiC) = -^i^o(C), (63) 



F,{0 = i-ir{,]C'Fo{C) + MC), ik>2), (64) 
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where fk{C) is asymptotically small 



FkiO X 
Inserting these expressions in ()61|) we obtain 



^'^^^ 0(1), C^oo. (65) 



^^'\F] = (^h - ^/s) Vo(C) + Y.lt'l2fk{0. (66) 

In the limit ( ^ oo Dobrev's bulk-to-boundary propagator ^H] can be derived 
from (except the trace terms). 

We set the normalization constant C equal to 



c = r(iA)r(|(A + i)) 

(47r)'^+5r(A-/i+l) 



Using the fact that for ( 



2Fi(iA,i(A + l);A-^ + l;C-') 



r(iA)r(i(A + l)) ' V ;> p 2' ^ 



and 



rf 1 \ 

2^(^^2 _ iy^+^ ^ -Sizi, Z2) + regular terms, (69) 

(47r)/^+2 

we see that Fq{() appears as the kernel for the inverse wave operator (— □ + m^) 
for the massive scalar field in Euclidian AdS^+i space with = A{A — d) . In 
the next section we shall use this normalization (the same was used by D'Hoker, 
Freedman and coauthors ^7] for the vector and graviton) for all symmetric trace- 
less tensor fields be they massless or not. 

Summarizing the consideration of this section we can formulate the following 
statements 

a) The double traceless spin £ Fronsdal propagator in the same fashion as the 
corresponding double traceless spin i current (see e.g. |H] and section 2) can be 
expressed as a combination of two traceless spin i and i — 2 propagators. The 
spin £ — 2 propagator is connected with the Goldstone boson (TH] . 

b) The leading term which is useful for our calculation in the next section, 
can be expanded as in (j6ip with the first and most important contribution Fq 
satisfying the massive scalar equation 

[-□ + A(A - rf)]Fo(C(^i, Z2)) = -S{z,, ^2), (70) 

where A is the dimension of the representation [A, £] described by the initial 
gauge or massive field h^^\ 

The precise proof of the propagator structure is presented in [T^ . 
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6 The loop function 

In the coordinate space the loop function is the product of the propagators for 
the fields h^^~^^ and a (from now on = 3) 

{a{z,)a{z2))A,s, = J^2^(0, K{C) = (71) 

We present the propagator of h^^'"^^ by its Fq term and introduce in (j37p a coupling 
constant which is yet unknown 

A = (72) 
a/TV ^ ' 



(73) 



Then the leading term of the loop function is 



N r(£-f)(47r)4 



2^ '2 2 



Note that in AdS space the product of two scalar propagators is not one scalar 
propagator but an infinite sum of scalar propagators with dimensions increasing 

A(„) = Ai + A2 + 2n, n e Nq. (74) 

As was described in the previous sections we have to use our interaction ()37p 
and calculate the contribution of this loop function to the propagation of the 
longitudinal modes of h^^\ Actually we have to extract the term V-/i^^^G[£+2,f-i] V- 
h^^\ where G'[£+2/-i] is the Goldstone mode propagator [121 E] normalized 
in a proper way. For this we have to take the gradients of (|73|) in the following 
sense: For a bitensor ^!^^^ such as we introduce a map 



^ ^(^+1) = (a . Vi)(c- V2)^^^nC;a,c) = ^ /f+^-"/2"G„(C) + trace terms, 

(75) 



n=0 

with 



Gn = i^'_i(C) + (2n + l)F^(C) + {n + l)X+i. (76) 
For n = this gives 

^0(0 = ^^0(0 + ^^1(0. (77) 

Fi is related to Fq by (jHSJ 

C - 2 

F, = --^Fo. (78) 
Applying the gradient transformation to (f7S|) we obtain then from ()77|) 



r(£-|)(47r) 
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(2£-l)/rr(^+2) (^1+0(1)). (79) 



Next we have to identify in this expression the normahzed Goldstone boson prop- 
agator of the representation + 2, £ — 1]. For this purpose we use a normahzing 
factor analogous to (j67jl and get 



r(i(£ + 2))r(|(£ + 3)) 



i(£ + 2),l(£ + 3);. 



r(£ + |)(47r)2 

Dividing (f?^ by ()80p we obtain the mass squared of /i'-^^ 

1 (2£-i)r(i(£-i))r(i£)r(£ + 



2'^ 



^0) 
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iV(4vr)2 r(|(£ + 2))r(l(£ + 3))r(£-|) 



(81) 



Remembering that the whole mechanism works only for £ > 3 we should multiply 
(jHU with 1 - fe- 

Comparing with the results obtained from the 0{N) sigma model and AdS/ CFT 
correspondence [Hj 



we can obtain the interaction constant gi 

16 {£ 
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3 (^-|)(^-i)3 



^2) 



(83) 



An independent derivation of this coupling constant will be presented else- 
where. 
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